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Abstract
The lifetime effects of the electron pairs are supposed to be responsible for the
atypical behavior of the single electron transistors manufactured at the strontium ti-
tanate/ lanthanum aluminate (STO/LAO) interface. In addition, as shown in Richter’s
experiments, the energy gap ∆ should persist above the superconducting transition
temperature Tc. In order to explain the experiments, the present paper attempts to
associate the phonon-electron interactions to the mechanism of the formation and de-
cay of the electron pairs. Moreover, through employing the boson fermion model that
includes two superconducting mechanisms, we reproduce the step-like ∆−Tc relations
with the energy gap ∆ remaining finite above Tc. The results are roughly consistent
with the experiments. The newly-introduced models and formalism may be helpful in
describing superconductors with lifetime effects and a finite energy gap ∆ above Tc.
1 introduction
Immediately after the Bardeen-Cooper-Schrieffer (BCS) theory was established [1], the
number parity effects were expected in superconductors. Basically, the BCS ground
state corresponds to a coherent of superposition of pair states with even number parity,
while the total number of quasi-particles N is not fixed. Furthermore, if the BCS
ground state is projected into odd and even parity states [2], one has to differentiate
two cases: (a) the total number of quasi-particles N is even. (b) N is odd. Remarkably,
the electron pairing in superconductors results in great differences between the two
cases. In the first case, all electrons are paired and form the electron pair states, while
in the second case, one unpaired electron is left and the ground state will include one
more Bogoliubov quasi-particle except the electron pairs.
Not surprisingly, the difference between even and odd fermionic states is first dis-
covered in nuclear physics by Bohr, Mottelson and Pines [3], and its total number of
particles N is around 102. Subsequently, with N ∼ 109, the number parity effects
are observed in the variation of the tunneling current through one Coulomb-blockaded
mesoscopic superconducting island in single electron transistors (SETs) by Mooij et
al. [4], Tinkham and his coworkers [5], as well as Devoret and his colleagues [6, 7].
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The measured even/odd free energy difference is found to decrease linearly with the
temperature δFe/o ∼ ∆0−kBT logNeff . Here ∆0 is the energy gap at low temperature
and Neff is the number of effective excitation states for the unpaired electron in the
odd parity states. From the formula, the even-odd effects will be observed below the
crossover temperature T ∗ ∼ ∆0/(kB logNeff) at which the even/odd free energy differ-
ence is vanishingly small. For a typical SET with an aluminum superconducting island
[8], the crossover temperature T ∗ is approximately 102mK and the superconducting
transition temperature is around 1K. Consequently, it is estimated that T ∗ ≪ Tc and
Neff ∼ 104[5, 6, 7, 9].
On the contrary, Levy’s experiments at the strontium titanate/lanthanum alumi-
nate (STO/LAO) interface exhibit huge distinctions compared with the previous ex-
periments [10]. The crossover temperature T ∗ is detected to be ∼ 900mK, much higher
than the superconducting transition temperature Tc ∼ 300mK. That is, the even-odd
effects are observed without superconductivity, while the electron pairing is still pre-
served. Moreover, the extracted Neff from experiments is ∼ 1, much smaller than that
of the typical SETs.
In addition, the superconducting gap ∆ of the electron system at the STO/LAO
interface are detected of the order of 40µeV and its V-shaped density of states implies
the formation of pseudogap states [11, 12]. Furthermore, the gap increases with charge
carrier depletion in both the negatively and positively charged region. The experi-
mental results are analogous to the behavior of the high-temperature superconductors.
Beside that, the superconducting gap ∆ remains finite in both electron systems at the
STO/LAO interface and in high-Tc superconductors.
The microscopic superconducting origin of the electron system at STO/LAO in-
terface is still under discussions, while many theoretical proposals explain the experi-
mental facts very well with self-consistency. Kedem, et al. interprets the mechanism
as the coupling to the ferroelectric mode [13, 14]. Simultaneously, Arce-Gamboa and
Guzma´n-Verri calculate the influence of the strain force to the ferroelectric mode and
attained the phase diagram with the parameters of superconducting transition temper-
ature and cation substitutions [15]. Conversely, Ruhman and Lee suggest a plasmon-
induced superconducting mechanism [16]. Additionally, Wo¨fle and Balastsky connect
the superconducting mechanism to transverse optical phonons [17].
Although the theoretical proposals are in good agreement with most experimental
facts, some minor points are missing [18]. Particularly, the energy gap should remain
finite above superconducting transition temperature Tc. As we discussed, the finite gap
above Tc are crucial for the explanations of both the even-odd effects and scanning tun-
neling spectroscopy experiments. Also the von Hove singularity should be broadened
in order to result in a small Neff as suggested by Levy’s experiments.
Continuing with the discussion of the reference [18], the paper clarified that the in-
teraction potential in the phenomenological boson fermion model [19] is induced by the
phonon-electron interaction, while the microscopic origin of the primary superconduct-
ing gap ∆ is still elusive. However, within the framework of perturbation theory, its
relation with Tc is obtained. The results are in good agreement with the experiments.
The paper is arranged in four sections. In Section 2, the phonon-induced interaction
potential are deduced and its relation to even-odd effects discussed. In Section 3, the
gap equation is calculated and the relation between the superconducting gap ∆ and the
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transition temperature Tc obtained and plotted. Finally, we summed up the content
and draw our conclusions.
2 Phonon-induced interaction potential
2.1 origin of phonon-induced interaction potential
For the elelctron-phonon interaction, Fro¨hlich has proposed a formula of the second-
order correction to energy, in order to describe an electron emits and re-absorbed a
phonon[20][21]. The electron has momentum k and energy ǫk, which emits a phonon
with momentum q and energy ωph = vs|q| where the Planck constant ~ is set to be
unity and vs is the speed of the sound. The intermediate state after the emission of
the phonon has momentum
p = k− q (1)
and its energy is denoted as ǫp. With the formula of the second-order perturbed
energy
E = −2
∑
k
∑
q
|Mk,p|2PkPp
ǫp − ǫk + ωph (2)
where Mk,p =< ψp|HˆI |ψk > and |ψk > is the Bloch electron wave vector with
momentum k. The factor of two accounts for the two possible values of electron spin.
Pp denotes the possibility to occupy a quantum state |ψp > and Pk is the average
occupation number of a quantum state |ψk >.
In Fro¨hlich’s case, the electron emits one phonon and is scattered into another
quantum state, while in our case, the electron condenses into one boson after emitting
a phonon. It results in the possibility to occupy a quantum state after condensing
into a boson Pp = 1. Furthermore, if the former quantum state with momentum k is
occupied, the average occupation number Pk = 1. Additionally, the coupling strength
Mk,p can be put out of the summation sign:
E = −2|M |2
∑
k
∑
q
1
ǫp − ǫk + ωph . (3)
The energy of the intermediate state ǫp is evaluated to be ξ0 where ξ0 is the ground
state energy of the bosonic field. Note that the dispersion of the boson field is ξt =
ξ0+ v|t| −µb where v is the velocity of the bosonic condensates and µb is the chemical
potential of the bosonic field. Eq. (3) becomes
E = −2|M |2
∑
k
∑
q
1
ξ0 − ǫk + ωph . (4)
Transforming the summation into integral over q and applying the dispersion of
the phonons, it obtains:
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Figure 1: The density of states, D(ω), is plotted along with the variation of Vc. D(ω) and
Vc are plotted in atomic units.
E =
L|M |2
πvs
∑
k
ln(1 − ǫk
ξ0
). (5)
Notice that the summation is over all quantum state of occupied electron state, and
for a single electron with energy ω, the phonon-induced interaction potential is
V1 = Vc ln(1 − ω
ξ0
) (6)
where Vc =
L|M|2
pivs
. Notice that the upper limit of the integral is ω, since one
electron cannot emit a phonon with energy larger than the electron’s energy. The
lower limit of the integral is 0. The ground state energy of bosons ξ0 is estimated to
be ∼ 3∆, the discussions of the part ω > ξ0 is meaningless, since at low temperature,
the average occupation number Pk is vanishingly small. This leads to the cancellation
of the second-order perturbed energy.
2.2 even-odd effects with phonon-induced interaction potential
The one-[18] and two-dimensional [22] phenomenological boson fermion model are pre-
sented with the formalism for computing the density of states in reference. With the
replacement of the interaction potential from a phenomenological one to the phonon-
induced potential, the results are plotted in Fig. 1. Both the densities of state basically
remain the same, including the broadening of the van Hove singularity and the pro-
duction of the gap states.
Furthermore, the even-odd effects can be measured quantitatively with the even/odd
free energy difference δFe/o and the number of excitation states for the unpaired elec-
tron in odd parity Neff . Both of the quantities can be determined by the density of
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Figure 2: the even-odd free energy difference and the effective excitation number for the
unpaired electron versus Vc. It is plotted in atomic units. m
∗ = me, n0 = 500, L = 530nm,
vf = 8.8× 103m/s, ∆ = 40µeV and v = 0.073c, where c is the speed of light in vacuum.
states as shown in Ref. [18]. In Fig. 2, both of the quantities on even-odd effects are
calculated and plotted. The replacement of the interaction potential does not affect
the conclusion in Ref. [18]. That is, The lifetime effects result in the broadening of the
van Hove singularity, and the broadening can produce a small Neff .
On the other hand, the interaction kernel can be caused by other interactions as
well. If the kernel is zero at Fermi surface and finite when ω > 0, the even/odd free
energy difference δFe/o and the effective excitation number Neff can be easily generated
and consistent with the experiments. It is one of the reasons that the present phonon-
induced kernel may not be the only microscopic origin for the lifetime effects, while
other interactions may also participate in the process.
3 ∆− Tc relation
3.1 gap equation
The starting point of the deductions is an equation that defines superconducting energy
gap,
∆s ≡
∑
k
V1(q = 0)√
n0
F (k, τ = 0) (7)
where F (k, τ) =< cˆ−k↓(0)cˆk↑(τ) > is the anomaly Green’s function and cˆk↑(τ)(cˆ
†
k↑(τ))
denotes the annihilation (creation) operator of the quasiparticles in the boson-fermion
model. The time derivative of the anomaly Green’s function is
∂F (k, τ)
∂τ
= −EpF − V
†
1
(q = 0)√
n0
< bˆ0 > G (8)
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where G =< Tτ [cˆ−k↓(0)cˆ−k↓(τ)] > and Tτ [...] is the time-ordering operator. The
operator bˆ0 is the annihilation operator of bosons. The Green’s function is obtained
that
G(k, ω) =
1
iω − Ek + iΓ (9)
where Γ is the decay rate of the electrons evaluated in the Ref. [18]. For convenience
of calculations, the decay rate Γ is neglected. This may result in a slight overestimation
of the superconducting gap ∆ and disappearance of the phase factor. Also with the
perturbation theory, the expectation value of bˆ0 is
< bˆ0 >=
∆s
ξ0 − µb (10)
where ξ0 is the ground state energy of bosons and µb is the chemical potential of
bosons. In the scenario of the formation and decay of electron pairs, the conservation
of energy demands that ω + Ek = ξt whereEk =
√
ǫ2k +∆
2 is the dispersion relation
of bare fermions and ǫk =
k2
2m − µf . m is the effective mass of electrons and ∆ is the
superconducting gap induced by the main superconducting mechanism. Notice that
the conservation of energy results in the relation that ξ0−µb ∼ ∆, which can facilitate
the estimation of the interaction potential V1 and, as well, the superconducting gap ∆.
Substituting Eq. 8, Eq. 9 and Eq. 10 into Eq. 7, the energy gap ∆s is cancelled and
the Eq. 7 becomes
∆ =
∑
k
|V1(q = 0)|2
2n0Ek
tanh
βEk
2
. (11)
3.2 results and discussions
By calculating and substituting the value of ∆ into the right-hand side of Eq. 11, the
numerical results of the superconducting gap ∆ can be obtained and plotted in Fig.
3. It is shown that the superconducting gap reduces and persists into the ”normal”
state of the STO/LAO system. This is in qualitative agreement with the experiments,
while in experiments the superconducting gap decreases more sharply than that in the
theoretical fitting. The difference may come from the presence of other interactions,
such as impurity scattering, electron-electron interactions, etc. The inaccuracy from
the perturbation theory and approximations also contributes another factor of the
difference. In contrast with BCS theory and Eliashberg theory, the formalism can
produce the superconducting gap above Tc and provide another method to calculate
∆ − Tc relations. This may be helpful for constructing theories for high-temperature
superconductors.
Notice that the superconducting gap ∆ should not be considered to be caused by
the interaction potential V1, since when V1 vanishes, the relation of Eq. 7 does not
hold either. In addition, if Vc is very large, the perturbation theory cannot be applied
in the case. Physically the two superconducting microscopic origins of ∆ and V1 are
different. In Ref. [22] both the microscopic origins are considered to lead to the same
value of superconducting gap. This results in the misleading conclusion that both
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Figure 3: The relation of ∆ versus Tc is plotted with different values of Vc
caused superconducting gaps are ∼ 1neV. On the contrary, if the two superconducting
mechanisms are treated separately in Ref. [22], the main superconducting gap ∆ will be
around 40µeV and the other induced by the interaction potential V1 is about 0.2µeV.
This is more feasible than the previous conclusions.
4 conclusion
In the present paper, one possible microscopic origin of the lifetime effects at the
STO/LAO interface is proposed. Phonon-electron interactions is supposed to be re-
sponsible for the formation and decay of electron pairs, while it does not exclude the
probability that other interactions may participate in the process, e.g., electron-electron
interactions, impurity scattering, etc. It is discovered that if the interaction kernel is
zero at Fermi surface and finite in other regions, it may well produced the even/odd
free energy difference δFe/o and the effective excitation number Neff , and quantitatively
describe the even/odd effects at the STO/LAO interface accurately. The interaction
kernel induced by the phonon-electron interactions exactly fall into the categories of
this kind of interaction kernels and is the candidate to explain microscopic origin of
the lifetime effects at the STO/LAO interface. Furthermore, within the framework of
the perturbation theory, the ∆ − Tc relation is calculated. The result is in qualita-
tive agreement with the experiments, while in experiments the superconducting gap ∆
drops more sharply in the theory, which may be caused by the inaccuracy of pertur-
bation and approximations. This over-simplified model may also be one of the factors.
Further theoretical and experimental investigations are needed.
Beside that, the formalism presented by the paper describes the superconducting
gap ∆ above Tc in contrast with the BCS and Eliashberg theory. This offers one novel
calculation method for superconductors with the lifetime effects and superconducting
gap above Tc and may be helpful in analyzing high-temperature superconductors.
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